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Sulfate-reducing bioreactorAbstract The main objective of this work was to design a software sensor device based on state
observer for a class of continuous bioreactor with application to heavy metal removal and locally
analyze the observability properties of the considered system, considering parametric uncertainties.
First, an alternative phenomenological model of the main state variables of the process was formu-
lated, considering an unstructured kinetic approach based on Levenspiel product inhibition model;
this kinetic model was experimentally validated. The kinetic model was used as a benchmark plant
and extended for continuous operation in order to analyze the local observability properties, consid-
ering several sets of measured outputs that produce observable subspaces of different dimensions. In
addition, we present a nonlinear observer, which is robust against parametric uncertainties, to esti-
mate the observable states of the bioreactor. The convergence of the proposed methodology was ana-
lyzed using Lyapunov stability theory. Numerical experiments were done in order to show the
performance of the proposed observer and the observability properties of the system.
 2016 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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In the past years, the basis for the application of biotechnolog-
ical processes has been improved, both in research and in
industrial production. New experimental tools such as as
screening methods and metabolic engineering, genomics, pro-
teomics, metabolomics and bioinformatics are now commer-
cially available. However, it is difﬁcult to develop, and
especially to implement, advanced monitoring and control
strategies for real bioprocesses because of the absence of reli-
able instrumentation for measuring biological state variables,
i.e. substrates, biomass, metabolic enzymes and product con-
centrations. For instance, the required quality of monitored
data and frequency of sampling are functions of the accuracy
of the bio-sensors employed. In many cases, the state variables
are not measurable online (and in real-time) due to the high
cost of sensors and extreme operating conditions; these facts,
together with the nonlinearity and parameter uncertainty of
the bioprocesses, require an enhanced modeling effort, modern
state estimation and identiﬁcation strategies [1,2].
The estimation techniques for bioprocess must be devel-
oped in agreement with the speciﬁc conditions of the process,
according to the speciﬁc case. In variable state reconstructing,
it is unavoidable that some deviation occurs between the tra-
jectories of a real system and the predictions of a mathematical
model. Moreover, there are disturbance signals in virtually all
engineering applications and the combined effect of these
problems generates the necessity to study the design of obser-
vation techniques that are robust against disturbances and
model uncertainties [3,4].
The ﬁrst class of observers, including classical observers
such as the Luenberger, Kalman observers and nonlinearTable 1 Kinetic parameters for the mathematical model.
Parameter Value Units
a 1.9 ± 0.35 Dimensionless
b 2 ± 0.25 Dimensionless
c 2.38 ± 0.55 Dimensionless
d 2.85 ± 0.3 Dimensionless
e 2.2 ± 0.45 Dimensionless
h 2.2 ± 0.13 Dimensionless
Y 7.5 ± 1.25 Dimensionless
kmax spx 0.13 ± .05 h
1
Yp 0.9 ± 0.01 Dimensionless
kp 680 ± 100 mg L
1
ks 0.0009048 ± 0.001 mg L
1
kd 0.008 ± 0.002 h
1
kmax bio 0.9 ± 0.2 L h
1 mg1
kB 1990 ± 100 mg L
1
kmaxCdl 0.0002 L h
1 mg1
kmaxCdb 173 ± 52 mg L
1
k1 3 ± 1.5 mg L
1
k2 59 ± 2.3 mg L
1
YL=X 0.57 ± 0.23 Dimensionless
YA=X 0.76 ± 0.13 Dimensionless
kLA 2.805 ± 0.5 h
1
kace 500 ± 50 mg L
1
klac 1.85E4 ± 500 mg L
1
kI 900 ± 50 mg L
1
YI=X 1 ± 0.3 Dimensionless
kco 0.12 ± .050 h
1observers (e.g., Lafont et al. [5]), are based on perfect knowl-
edge of the model structure. Classical observers, particularly
the extended Kalman ﬁlter, have found applications in several
bio-processes [6,7].
The research work reported in [8–10] proposed nonlinear
observer designs for several special classes of nonlinear sys-
tems. Adaptive observers are used for providing estimates of
the plant’s states and of the system parameters simultaneously.
Several studies on state estimation and software sensors of
microbial growth processes have been reported in the literature
[11,12]. Grootscholten et al. [13] presented a mass balance
model that allows the design of an online estimator of zinc
concentration and precipitation rate based only on wet-
chemical measurements of sulﬁde concentration and of the
pH in the reactor.
From the above, it is clear that observability issues are a
critical in dynamic systems (e.g., Grootscholten et al. [13]).
Because of the nonlinear aspects of the bioprocesses dynamics,
observability and controllability analyses are rather complex.
Therefore, for nonlinear systems, the theory of observers is
not yet as fully developed as that of linear systems. The devel-
opment of observability conditions for nonlinear systems is a
challenging problem (even for accurately known systems) that
has received a considerable amount of attention [14].
This work proposes a local observability analysis for an
important class of anaerobic sulfate-reducing bioreactors
employed for cadmium removal, which is an important envi-
ronmental issue [15]. Several combinations of measured out-
puts are proposed in order to show the corresponding
observability conditions of the process. Furthermore, a nonlin-
ear observer is proposed that guarantees that estimation errors
converge whenever the observer gains are adequately chosen in
order to compensate uncertain parameters. The convergence
properties of the proposed nonlinear observer are shown
through numerical simulation.
2. Mathematical modeling of sulfate-reduction for cadmium
removal
From the biotechnological point of view, sulfate-reducing bac-
teria are of great importance in environmental and industrial
processes. However, the determination of the kinetic parame-
ters of the structured model based on biomass components
such as concentration of metabolites, enzymes, DNA and/or
RNA is a complex process [16]. For this reason, the kinetic
parameters more commonly used were estimated through an
unstructured kinetic model that uses measurements of bio-
mass, substrate, product and yield coefﬁcients determined inTable 2 Correlation coefﬁcients and model efﬁciency.
Variable R2 Model eﬃciency (Z)
Sulfur 0.9886 0.9792
Sulfate 0.9847 0.9722
Biomass 0.9797 0.9638
Bioﬁlm 0.9965 0.9957
Cadmium in liquid 0.9956 0.9938
Cadmium in Bioﬁlm 0.9819 0.9647
Lactate 0.9391 0.9073
Acetate 0.9724 0.9303
Global 0.9798 0.9633
Figure 1 Sulfate reduction, comparison between batch experimental data (symbol) and model prediction ( ).
Monitoring via software sensor for bioreactors 1895the bulk of the reactor [17]. Few kinetic models have obtained
a satisfactory ﬁtting for sulfate reduction kinetics; the Monod
model was used in most cases, which does not take into
account the product inhibition phenomenon generated by sul-
ﬁde accumulation inside the bioreactor, much less the dynamic
bioﬁlm that appears at a later stage of the reaction paths.
Nowadays, sulfate-reducing processes have greater importance
for the bioremediation ﬁeld; thus, there is need for a clear
knowledge of the kinetics of sulfate-reducing processes and
for a mathematical model that describes satisfactorily the
reacting behavior. This work presents the kinetic study of
Desulfovibrio alaskensis 6SR as model bacteria to evaluate
the sulfate reduction process. A mathematical model was
developed to describe the kinetics of cadmium removal in
batch systems by Lopez et al. [18], this model was modiﬁedby adding a mass balance term for the removal of cadmium
in bioﬁlm, and additionally, the model was extended for con-
tinuous operation. The speciﬁc growth rate of the D. alaskensis
6SR strain was estimated by a Levenspiel type model that con-
siders a product inhibition term that takes into consideration
the inhibitory effect of sulfur production. Thus, the corre-
sponding sulfate reduction model is presented as follows:
Sulfate mass balance (S):
dS
dt
¼ DðSin  SÞ  kmax spx
Y
u1 ð1Þ
Sulﬁde mass balance (P):
dP
dt
¼‘ DPþ kmax spx
Yp
u1 ð2Þ
Table 3 Steady state stability and observability analysis for the considered operation points.
Considered Equilibrium Point:
xeq ¼ ½2348; 444; 248; 1903; 0:069; 169; 1470; 2536; 654T mg L1
Eigenvalues:
k ¼ ½0:0141; 23:26; 0:02; 0:0228 þ 0:01i; 0:028  0:01i; 0:035; 0:01; 0:01; 0:01T
Dilution rate ¼ 0:01 h1
(1)
C ¼ ½100000000T
rankðOÞ ¼ 6
(4)
C ¼ ½000100000T
rankðOÞ ¼ 4
(7)
C ¼ ½000000100T
rankðOÞ ¼ 4
(2)
C ¼ ½010000000T
rankðOÞ ¼ 4
(5)
C ¼ ½000010000T
rankðOÞ ¼ 2
(8)
C ¼ ½000000010T
rankðOÞ ¼ 4
(3)
C ¼ ½001000000T
rankðOÞ ¼ 4
(6)
C ¼ ½000001000T
rankðOÞ ¼ 2
(9)
C ¼ ½000000001T
rankðOÞ ¼ 5
(10)
C ¼ ½000100001T
rankðOÞ ¼ 5
(11)
C ¼ ½110000000T
rankðOÞ ¼ 4
(12)
C ¼ ½000000011T
rankðOÞ ¼ 5
(1)
C ¼ ½100000000T
rankðOÞ ¼ 6
(4)
C ¼ ½000100000T
rankðOÞ ¼ 4
(7)
C ¼ ½000000100T
rankðOÞ ¼ 4
(2)
C ¼ ½010000000T
rankðOÞ ¼ 4
(5)
C ¼ ½000010000T
rankðOÞ ¼ 2
(8)
C ¼ ½000000010T
rankðOÞ ¼ 4
(3)
C ¼ ½001000000T
rankðOÞ ¼ 4
(6)
C ¼ ½000001000T
rankðOÞ ¼ 2
(9)
C ¼ ½000000001T
rankðOÞ ¼ 5
Combination of measurements
(10)
C ¼ ½000100001T
rankðOÞ ¼ 5
(11)
C ¼ ½110000000T
rankðOÞ ¼ 4
(12)
C ¼ ½000000011T
rankðOÞ ¼ 5
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dX
dt
¼ DXþ kmax spxu1
Cdl2þ
kCd þ Cdl2þ
 g
 kdXLe ð3Þ
Lactate mass balance (L):
dL
dt
¼ DðLin  LÞ  kmaxLAYL=Xu2 ð4Þ
Acetate mass balance (A):
dA
dt
¼ DAþ kmaxLAYA=Xu2 ð5Þ
Carbon dioxide mass balance (I):
dI
dt
¼ DIþ kIYA=Xu2I ð6Þ
Bioﬁlm mass balance (B):
dB
dt
¼ DBþ kmax biou3 ð7Þ
Cadmium in liquid mass balance (Cdl):
dCdl
dt
¼ DðCdlin  CdlÞ  kmaxCdlu4 ð8Þ
Cadmium in bioﬁlm mass balance (Cdb):
dCdb
dt
¼ DðCdbÞ þ kmaxCdlu4 ð9ÞKinetic terms:
u1 ¼ 1 Pkp
 a
S
ksþS
h i
XLe
u2 ¼ kaceAþkace
h i
Ld
klacþLd
h i
X
u3 ¼ 1 BkB
 b
Sh
ksþSh
h i
XL
u4 ¼ 1 CdbkCdb
 c
Cdl
k1þCdlþCdl2k2
 
XB
where kmax,j is the maximum speciﬁc rate of the jth concentra-
tions; Y is the yield constant; ks is the saturation constant for
sulfate [SO4
2]; kp is the inhibition constant for undissociated
hydrogen sulﬁde [H2S]; klac is the inhibition parameter of lac-
tate; kace is the inhibition parameter of acetate; kCd is the inhi-
bition constant for Cadmium; YL/X is the yield coefﬁcient:
lactate/biomass; YA/X is the yield coefﬁcient: acetate/biomass;
a, b and c are the exponential terms for Luong model; d and
h are the exponential terms for Moser model; g is the exponen-
tial term for Cadmium concentration; e is the exponential term
for Lactate concentration; D is the Dilution rate; kd is the Mor-
tality constant; Cdlin is the initial cadmium concentration; k1 is
the saturation coefﬁcient; and k2 is the inhibition constant for
Haldane.
As suggested by Ko¨hne et al. [19], the performance of the
proposed mathematical model was statistically evaluated using
the dimensionless coefﬁcient of efﬁciency (Z). The efﬁciency of
the model was calculated by the following equation:
Figure 2 Temporal evolution of the state variables concentration in the CSTR, (*) actual values ( ), Luenberger observer and ( )
proposed observer, and we consider the case where that, C ¼ ½000000001T and y= I ‘‘Carbon dioxide –Product”.
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Pn
i¼1ðOi OÞ2 
Pn
i¼1ðPi OÞ2Xn
i¼1
ðOi OÞ2
ð10Þ
where Pi are the i-th model-estimated data; Oi are the experi-
mental data; O* is the average of the experimental data, and
n is the data number, where Z varies between l and 1.0, with
higher values indicating better agreement between the model
and observations (data), with a unit value indicating perfect
agreement between model and data, while Z> 0.5 represents
a good model; in addition, a standard correlation coefﬁcient
was also calculated. This model (Eqs. (1)–(9)) was imple-
mented as the virtual plant under study (see, Tables 1 and 2).
3. Observability of the linearized tangent model
A fundamental question in the analysis of physical systems is
whether the states of the system can be uniquely determinedfrom its output data. Speciﬁcally, given the dynamic descrip-
tion of the system and the observation process, we can ask
under what conditions can the initial state of the system be
determined uniquely on the basis of the observed output on
a given time interval. This problem is called the inverse prob-
lem. Testing a system’s observability is a necessary prerequisite
for the states and parameters estimation from the system out-
put. The above must express in a few terms that there indeed is
a possibility that the purpose of the observer can be achieved,
namely that it might be possible to recover the variable state
vector x based only on the knowledge of the process inputs,
u and the measured outputs y up to time, t; at a ﬁrst glance,
this will be possible only if the measured system output, y
bears the information on the full state vector when considered
over some time interval: this roughly corresponds to the notion
of observability.
If a system is not observable, this means that the current
values of some of its state variables cannot be determined
Figure 3 Temporal evolution of the state variables concentrations, (*) actual values ( ), Luenberger observer and ( ) proposed
observer. This scenario presents an ideal case the bioﬁlm and carbon dioxide concentrations are considered as the measured output of the
observers: C ¼ ½000100001T.
1898 P.A. Lo´pez Pe´rez et al.through output sensors. The class of systems under considera-
tion is described by a state-space representation, generally of
the following form:_x ¼ fðx; uÞ ð11aÞy ¼Mx ð11bÞwhere x denotes the state vector, taking values in X in a con-
nected manifold of dimension n; u denotes the vector of known
external inputs, taking values in some open subset U; and y
denotes the vector of measured outputs, taking values in some
open subset Y. Function f will in general be assumed to be C1
of its arguments, and input functions u() to be locally essen-
tially bounded and measurable functions in a set U.3.1. Linear observability approach
As a background, consider the following linear or linearized
representation of the system (11):
_x ¼ Axþ Bu ð12aÞ
y ¼Mx ð12bÞ
where x is the variable state vector and y is the measured out-
put vector. Therefore, by a Taylor series linearization
procedure:
dx
dt
¼ Axþ BuþHOT ð13Þ
For x sufﬁciently close to x, and u near to u, these higher order
terms (HOT) will be very close to zero, and so we can drop
Figure 4 Simulation of the continuous-time observers, case A with, C ¼ ½100000000T and y= S (Sulfate concentration). (*) actual
values ( ), Luenberger observer and ( ) proposed observer. Perturbations are performed in step to the process depending on the
dilution rate (D), with values of maximum removal of cadmium (D= 0.01 h1) as well as for the minimum removal (D= 0.1 h1).
Monitoring via software sensor for bioreactors 1899them to obtain the approximation, where A, B and x are as
follows:
A ¼ @f
@x
 
x¼x
ð14Þ
B ¼ @f
@u
 
u¼u
ð15Þ
Now let us to consider the following ﬁnite sets Y= (y, y0,
y00, y000. . .)TRm and X= (x1, x2, x3, x4. . .)
TRn, with m 6 n,
which is related to the system output vector and a ﬁnite time
derivative; thus, it is possible to construct the following linear
dynamic system:y
y0
y00
. . .
yn1
2
6666664
3
7777775
¼
Mx
MAx
MA2x
. . .
MAn1x
2
6666664
3
7777775
or in vector form:
Y ¼ NX ð16Þ
where
N ¼ ½M; MA; MA2; MA3; . . . ;MAn1T ð17Þ
As can be seen, if the state vector can be determined, the
matrix N (called the observability matrix) must be invertible
(full rank) in order to obtain the following:
1900 P.A. Lo´pez Pe´rez et al.X ¼ N1Y ð18Þ
Such that the state vector x is observable with respect to the
measured output Y [20].
4. Proposed observer
Let us derive the general structure of state observers.
Consider the following nonlinear system representation of
the bioreactor:
_x ¼ fðx; uÞ þ Df
y ¼Mx
where again y 2 Rm is the measured output vector; x 2 Rn is
the vector of state variables; u 2 Rq is the manipulable control
input; fðÞ : Rnþq ! Rn is a smooth nonlinear vector function
and Lipschitz in x and uniformly bounded in u, while Df is
the additive bounded modeling error.
The general structure of the state observer for system (11a)
is:
_^x ¼ f^ðx^; u; yÞ ð19Þ
Usually, it is required that at least kx^ xk ! 0; as t!1.
However, exponential convergence is also required in some
cases [21–22].
Proposition 1. The following dynamic system is an observer
for system (11):
_^x ¼ f^ðx^; uÞ þ g1eþ g2
eﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ e2p
 
ð20Þ
where e ¼MxMx^
4.1. Sketch of proof of proposition 1
The purpose of a state observer is to provide an accurate esti-
mation of the non-measured but observable state variables. In
practice, there is an estimation error deﬁned by the difference
between the estimated state and the true state. Considering
Eqs. (11) and (20), the observation error dynamic is deﬁned
as follows:
_e ¼ fðx; uÞ  f^ðx^; uÞ þ Dfþ g1eþ g2
eﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ e2p
 
ð21Þ
where:
fðx; uÞ ¼
DðSin  SÞ  kspxY u1
DPþ kspx
Yp
u1
DXþ kspxu1 Cdl
2þ
kCdþCdl2þ
h ig
 kdXLe
DðLin  LÞ  kLAYL=Xu2
DAþ kLAYA=Xu2
DIþ kcoYI=X kIAþkI
h i
u2
DBþ kbiou3
DðCdlin  CdlÞ  kCdlu4
Cdbþ kCdlu4
2
666666666666666666664
3
777777777777777777775
ð22Þ
x ¼ S; P; X; L; A; I; B; Cdl; Cdb½ T 2 R9þ ð23ÞNow, taking into account the following assumptions, and
according to the corresponding function properties:
A1.
kfðx; uÞ  f^ðx^; uÞk 6 ‘kx x^k;
where the Lipschitz constant is ‘ > 0
A2.
eﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ e2p
				
				 6 1
Taking in account that the above term is a class of sigmoid
function.
A3.
kDfk 6 C ð24ÞLet us consider the following Lyapunov candidate function:
V ¼ eTXe ¼ kek2X;X ¼ XT > 0 ð25Þ
The time derivative along the trajectories of (25) is as
follows:
_V ¼ _eTXeþ eTX _e ð26Þ
_V ¼ fðx; uÞ  f^ðx^; uÞ þ Df g1e g2
eﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ e2p
  T
Xe
þ eTX fðx; uÞ  f^ðx^; uÞ þ Df g1e g2
eﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ e2p
  
ð27Þ
_V ¼ 2eTXðfðx; uÞ  f^ðx^; uÞ þ DfÞ
 2eTX g1eþ g2
eﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ e2p
  
ð28Þ
(a) The matrix X can be expressed as X ¼ RRT , then
keTXðfðx; uÞ  f^ðx^; uÞ þ DfÞk
¼ keTRRTðfðx; uÞ  f^ðx^; uÞ þ DfÞk ¼ k~eTð~fþ RTDfÞk ð29Þ
deﬁning ~eT ¼ eTR and ~f ¼ RTðfðx; uÞ  f^ðx^; uÞÞ
Here R assumes that the matrix R is an orthogonal matrix.
Then,
k~eTk ¼ ~eT~e
 1=2 ð30Þ
k~eTk ¼ ðeTRRTeÞ1=2 ð31Þ
k~eTk ¼ ðeTXeÞ1=2 ¼ kekX ð32Þ
Similarly as above:
k~fk ¼ kfkX ð33Þ
Hence,
keTXðfðx; uÞ  f^ðx^; uÞ þ DfÞk ¼ k~eTð~fþ DfÞk
6 k~eTkkð~fþ DfÞk ¼ kekXðk~fk þ UÞ ð34Þ
Monitoring via software sensor for bioreactors 1901(b) Taking into account (a),
eTX g1eþ g2
eﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ e2p
  				
				
6 kekX g1kekX þ g2
eﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ e2p
				
				
  
ð35Þ
From (a) and (b),
_V 6 2½kekXð‘ g1ÞkekX þ ðU g2ÞkekX ð36Þ
_V 6 2 ð‘ g1Þkek2X þ ðU g2ÞkekX
h i
ð37Þ
Now, considering ð‘ g1Þ < 0 and ðC g2Þ < 0, by ade-
quate proper selection of the observer gains, it can be con-
cluded that
_V 6 0 ð38Þ
and therefore, the convergence of the observer is stable.
5. Results and discussion
Numerical simulations were carried out using MATLABTM
library 23 ODE. Fig. 1(a)–(c) compares the predicted and
experimental data in order to validate the proposed mathemat-
ical model; a satisfactory agreement between the model and the
experimental information can be observed. The parameter val-
ues were determined by non-linear regression employing the
Model makerTM software (Table 1 and 2). It is recommended
therefore use (Z) in lieu of correlation-based measures to pro-
vide a relative assessment of model performance. This statistics
used absolute values rather than squared differences (as in
their originally speciﬁed counterparts). Interpretation of
correlation-based measures 0.9792 indicates that the model
explains 97.92% of the variability in the observed data. With
the indices of agreement, any value (accepting 0.0 and 1.0) is
difﬁcult to interpret because of its physical meaning. This con-
clusion suggests the fact that high correlations (R2) can be
achieved by poor models [23].
In order to show the performance of the proposed method-
ology under uncertain parameters, the kinetic contents kmax,j
were considered as kmax,j ± 7% of the nominal values, taking
into account that the reaction parameters are generally the
most difﬁcult to determine. Furthermore, as these results will
play an important role in the theoretical results presented for
the proposed observer, a stability and observability analysis
was carried out. Table 3 shows the steady state stability and
observability analysis for the considered operation points,
and these regions are related to low Cd2+ concentrations in
the liquid phase. The effect of the dilution rate on the removal
of the maximum amount of cadmium in the liquid was analyzed
(e.g., D= 0.01 h1; Cdl= 0.069 mg L1; D= 0.015 h1;
Cdl= 0.069 mg L1; D= 0.02 h1; Cdl= 12.85 mg L1).
The system (1–9) is not fully observable and has a maximum
of six state variables to be estimated (measuring carbon dioxide
concentration and sulfate at D= 0.01 h1). If carbon dioxide
concentration is the measurable output, the observable vari-
ables are bioﬁlm, cadmium in bioﬁlm, cadmium in liquid, acet-
ate and carbon dioxide concentrations, while the unobservable
variables are sulﬁde, biomass, sulfate, and lactate concentra-
tions (see, Fig. 2); consequently, if bioﬁlm and carbon dioxideare considered as the measured outputs, the observable vari-
ables are bioﬁlm, acetate, cadmium in liquid, cadmium in bio-
ﬁlm and carbon dioxide concentrations, while the unobservable
variables are sulﬁde, sulfate, lactate and biomass (see, Fig. 3). It
has been found that the observability matrix is not full rank for
all the considered measured sets. Also, a Extended Luenberger
Observer (ELO) was compared with the proposed structure, in
order to show the corresponding performance of each of them,
with the following initial conditions for the observers and vir-
tual plant:
x0 ¼ ½5655292001700:0146400:10:1 and
x^0 ¼ ½5680203801750:142400:19T
For application purposes, the sulfate concentration was
considered as the measured output of the observers; this is jus-
tiﬁed because this concentration is one of the more important
and easy to measure of the bioreactor variables, and also
because of the results of the observability analysis. In order
to show the performance of the observer under output distur-
bances, it was assumed that the reactor was operated in semi-
batch mode, with the dilution rates varying within a range
D= {0,0.01,0.1} h1 as shown in Fig. 4. The proposed obser-
ver provides a good estimation of unknown states (Fig. 4). It
can be seen that the estimation error of the ELO is larger than
that of the proposed observer; the observer gain is g1 = 51 h
1
and was considered the same for the two observers, whereas g2
was selected as g2 = 10 h
1.
The Extended Luenberger Observer and its structure are
deﬁned as [24] follows:
x^

¼ f^ðx^; uÞ þ g1ðyMx^Þ ð39Þ
The trajectories in the proposed methodology quickly
converge to the real trajectories, which is not the case for
the Extended Luenberger Observer. We have characterized
sufﬁcient conditions leading to observable and non-
observable situations; thus, it was possible to reconstruct
six state variables (sulfate concentration is the measurable
output, the observable variables are sulfate, bioﬁlm, bio-
mass, acetate, cadmium in liquid and carbon dioxide con-
centrations). The state variables that cannot be measured
online were sulﬁde, cadmium in bioﬁlm, and lactate concen-
trations, as shown in Fig. 4.
6. Conclusions
It is proposed a nonlinear observer for a class of nonlinear
plants is applied to a class of sulfate-reducing processes. Sev-
eral combinations of output measurements were analyzed
using the observability matrix criterion in order to show
the dimensions of the corresponding observable subspaces.
The proposed estimation algorithm aims to estimate unmea-
sured concentrations with a satisfactory accuracy, in spite of
errors in the evaluation of the parameters. The stability and
convergence of the proposed observer were proved by Lya-
punov analysis and veriﬁed by numerical simulation, with a
satisfactory performance. The proposed estimator is an alter-
native to classical estimators such as the Extended Luen-
berger Observer, which exhibits limitations when they are
applied to high nonlinear systems such as chemical and bio-
chemical processes.
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